Introduction
Uniqueness is a fundamental consideration in geophysical interpretation. For some methods, notably gravity and magnetics, it is impossible to reach a unique interpretation even in the hypothetical case when an unlimited quantity of exact data is available (e.g. Grant & West 1965, pp. 214-2 16) . Certain other methods are intrinsically unique under idealized conditions, but still exhibit non-uniqueness in practice owing to the inaccuracy and incompleteness of field observations. In particular, some electromagnetic (EM) methods are unique in principle when the ground is horizontally stratified, permitting unambiguous determination of the conductivity from mathematically complete and precise data sets (Slichter 1933 : Siebert 1964 Tikhonov 1965; Chetaev 1966; Bailey 1970 : Johnson & Smylie 1970 Weidelt 1972) . The capacity for structural discrimination inherent in EM measurements is further illustrated in this paper via the demonstration that, under ideal circumstances, horizontal loop electromagnetic (HLEM) frequency soundings permit perfect recovery of the conductivity when it is an analytic function of depth. Uniqueness proofs such as this do not remove non-uniqueness from consideration in the interpretation of realizable data sets. However, by guaranteeing that only one interpretation is admissible if accurate data are collected in sufficient quantity, they increase the likelihood that a model which satisfies all available data will approximate 'ground truth'.
In various configurations, the HLEM method is applied routinely in mineral and geothermal exploration, and in civil engineering (e.g. Pridmore, Ward & Motter 1979; Tripp et al. 1978 : Hoekstra 1978 . The ground is excited by the fluctuating magnetic field associated with an alternating current flowing in the loop, and the resultant magnetic field at * N o w with Western Mining Corporation. PO Box 91, Belmont, WA 6104, Australia. the surface is recorded at one or more locations (Fig. 1) . Over a stratified earth, the system can be operated in two modes, geometric and parametric. In the geometric mode the source frequency is held constant while readings are taken at a number of different receiver locations whereas in the parametric mode the receiver is futed and the frequency is varied. The uniqueness of geometric soundings has been established by Slichter (1933) '; thus the conductivity can be recovered unambiguously from observations at all source-receiver separations for a particular frequency. The corresponding result for HLEM parametric soundings is presented below. Specifically, it is shown that measurements of either vertical or horizontal magnetic fields at an arbitrary receiver location for all source frequencies (strictly, all high frequencies) suffice t o uniquely define the conductivity u ( z ) as a function of depth z , provided ~( z ) is analytic. Uniqueness is embodied in the mathematical form of the coefficients in the WKBJ expansion for magnetic field. In particular, the nth coefficient is a function of the first n derivatives of the conductivity evaluated at the surface, with linear dependence on dnu/dzn Iz = o. Since the numerical values of the expansion coefficients can be determined from the data, the nth derivative can therefore be calculated from the formula for the nth WKBJ coefficient provided the first n-1 derivatives have already been computed. Thus all the Maclaurin Series coefficients of u(z) can be determined recursively.
With the exception of that due to Slichter (1933) , all the proofs cited pertain to natural phenomena associated with current systems thousands of kilometres in extent. The resulting EM modes excited in the Earth are fairly distinctive in character, and their amplitudes can be determined by harmonic analysis of observations at a relatively small number of stations. Accordingly, it is implicit in the proofs for geomagnetic depth sounding (Bailey 1970; Johnson & Smylie 1970 ) that the amplitudes of particular modes can be ascertained. Similarly, in the proofs for magnetotelluric (MT) soundings (Siebert 1964; Tikhonov 1965; Chetaev 1966; Weidelt 1977) an incident plane wave is assumed, requiring only one station for a complete characterization. Further, although the relatively small source loops used in HLEM sounding excite an infinite continuum of modes, Slichter (1933) is able nonetheless to compute individual modal amplitudes by Hankel transformation of the data, assuming as he does that readings have been taken at all transmitter-receiver separations. Identification of modal amplitudes is therefore a universal prerequisite amongst the theorems cited. Since it is not possible to compute modal amplitudes from HLEM frequency soundings, the uniqueness theorem presented below cannot be established by simple extension of previous results .
Formulation of the problem
Consider the system depicted in Fig. 1 . A harmonic current I ( w ) exp (iwt) flows in a circular loop of radius a lying in a horizontal plane distance h above the surface of a stratified earth, conductivity u(z). A receiver is located distance R from the loop centre. Permeability y is assigned its free space value everywhere, and displacement currents are disregarded.
The electric field is purely azimuthal, and is denoted by E (Y, z , a). The azimuthal component of magnetic field is identically zero. Let H, (r, z, w ) and H,(r, z, w) denote respectively the radial and vertical magnetic field components. Applying Faraday's law, H , and H , can be expressed in terms of E as follows:
r ar
Substituting (1) 
where primes denote differentiation with respect to z . E ( h , z, w ) is related to E(r, z , o) according to the form of the inverse transform is identical. For continuity of E, H,, and H , at the surface (z = 0), E and E' must be continuous there. As I z I -+ 00, IE I and I E' I decay to zero at least as rapidly as exp ( ~ h I z I ).
For some hypothetical quantity X, the secondary field A X is defined by
where Xo denotes the primary X-field, i.e. the X-field generated by the current loop in free space. By linearity, the quantities E, E, H , and H , in (l) , ( 2 ) and (4) 
the exponential decay of the secondary field in air can be deduced from (3) by setting a(z) = 0. Continuity demands that (7) also apply at z = 0. A E ( h , 0, w ) can be regarded as the product (frequency domain convolution) of an impulse response function, K (A, a) , and a source spectrum, , ! ?, ( A, 0, a); thus 
Eo(A,O, a)= -iawyl(w)J1(Xa)exp(-hhj/'X.
(9 Substituting into (6) from (8) and (9), it follows that
A H ( R , O , o ) = 1 / 2 a I ( w ) [-J l ( A R ) , J O ( A R ) ] J,(ha)exp ( -A h ) K ( A , o ) A d A .
(10)
Being the only conductivity dependent factor in the integrand in (1 0). K (A, w ) is necessarily the focal point in the ensuing discussion.
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Proof of uniqueness
The uniqueness of the HLEM parametric sounding inverse problem is deduced below from properties of the asymptotic expansion for K ( A , a), and hence for AH(R, 0, w) by (lo), in the limit of high source frequency. The asymptotic behaviour of K ( A , w ) is closely related to that of E ( A, 0, w ) via (7); explicitly, recalling (5),
The immediate objective, therefore, is to derive the asymptotic expansion for E ( A , 0, a) as w --f w. This is accomplished by application of the WKBJ method.
The governing DE (3) can be re-written in the form with 6 (2) denoting dimensionless conductivity, i.e.
B ( z )
The conductivity, which may be complex, is assumed analytic for z 2 0, with Re {a(z)} non-negative for z > 0 and positive for z = 0. Proceeding as per Siebert (1964) , the WKBJ expansion for E ( h , z , o) is given by where The coefficient functions { $ n } can be expressed in terms of 4(y, z ) and its derivatives by substitution of (17) and (18) into (l?), whence
and in general,
Conditions for validity of the WKBJ approximation are given by Bender & Orszag (1978, pp. 493-494) . In this application they are tantamount to the requirement that all derivatives (dn6/dzn J z = o ; n = 1, 7, 3, . . .} be bounded, given that an expansion is sought at z = 0 only. The boundedness of these derivatives is guaranteed by the assumed analytic behaviour
As noted earlier, continuity of E and E' across the surface requires that (7) applies at z = 0 as well as for z < 0. Writing AE explicitly in terms of E and Eo, as per (S), and recognizing that Eo( A, z, o) decays as exp (-hz) below the loop, (7) can be recast in the form of 6 ( z ) .
[ E ' -h E ] I z = o = -7 h E o ( h , 0 ,~) .
Substituting for E'(h, 0, o) in (13) using (17) and re-arranging, the surface condition becomes
This expression permits specification of the expansion coefficients for K ( h , w) in terms of derivatives of u ( z ) evaluated at z = 0.
Let the asymptotic expansion for K ( h , w) in the limit of high source frequency be written as P. K . Fullagar where the coefficients { k n } are to be determined. Substituting from (18) and (25) Examination of these relations in the light of (19)- (22) reveals that each coefficient
is a function of only the first n derivatives of 6 ( z ) at the surface, and that its dependence on the n t h derivative is linear. If the asymptotic expansion for observed secondary magnetic field is written as where H o denotes primary magnetic field. Analytic formulae for Ha are given by Fullagar & Oldenburg (1984) . Although (34) and (36) are valid only for sufficiently small y, e.g. for y G E < 1 or equivalently h G BE < /3, the integration over 0 G h < 00 implicit in (38) does not introduce an error because when h > 0 the contribution from the range BE < h < 00 becomes transcendentally small as /3 -+ 00.
The way is now clear for the recovery of the Maclaurin Series coefficients for 6 ( z ) from the constants {c,} which characterize the high-frequency portions of the sounding curves, as per (31). When n = 1 , the summation in (38) reduces to a single term involving f m ; this allows evaluation of 6 (0) since, recalling (27),
When n = 2, both fio and fol occur in the summation. However, fol is a function of 6 ( 0 ) only and can therefore be considered known, while from (28) It is important to recognize that the recursive scheme described above can operate in reverse, permitting computation of sounding curve coefficients {c,} from a knowledge of the surface derivatives for an analytic conductivity. In particular it can be demonstrated that conductivities with one or more different surface derivatives will give rise to sounding curves with at least one different expansion coefficient. This precludes the possibility that two distinct analytic conductivities could give rise either to identical sounding curves or to sounding curves which differ only by virtue of subdominant contributions.
Conclusion
The uniqueness proof presented above is unsuitable for routine implementation on field data as a direct inversion method, primarily because of its recursive nature; the errors in the loworder derivatives would be amplified remorselessly by repeated substitution, rendering estimates of higher-order derivatives almost meaningless. Such sensitivity t o errors is a recognized limitation of analytical inversion algorithms (e.g. Weidelt 1972; Bailey 1973, p 289; Oldenburg & Samson, 1979, p. 934) . The practical importance of the proof derives instead from its guarantee that HLEM frequency sounding is in principle imbued with unlimited resolving power. In the inversion of field data (e.g. Fullagar & Oldenburg 1984) this translates into an increased likelihood that a conductivity model satisfying the available soundings will bear a definite resemblance to the actual ground conductivity.
